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Experimental Tests of Entanglement Models of Rubber Elasticity.
3. Biaxial Deformations
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ABSTRACT: The relative abilities of eight molecular models to describe the response of a cross-linked polymer
network to general biaxial deformations are tested. The reduced two-parameter models of Flory and Erman
and Ball, Doi, Edwards, and Warner and, to a more limited extent, the reduced one-parameter Gaylord model
are found to be able to account for large portions of the published experimental data. However, none of the
eight models can reproduce the negative W, values that are observed at very small strains. It is shown that
the reduced curve method of Treloar for the representation of biaxial data is inferior to the traditional

Rivlin-Saunders method.

Introduction

A large number of theoretical models have been pro-
posed during the past few years to describe the response
of cross-linked amorphous polymer networks to deforma-
tions. These models differ considerably in their treatment
of entanglements and network topology and their effect
on network behavior. We have undertaken to compare the
predictive abilities of as many of these models as possible
in describing different types of deformation experiments
in order to identify those models that are the most suc-
cessful and which therefore most correctly account for
entanglement effects on elastomeric behavior.

In the first paper of this series! uniaxial deformation was
examined. It was concluded that (1) a large range of de-
formation encompassing extension as well as compression
is a prerequisite for model testing since almost any rea-
sonable three-parameter model can fit uniaxial extension
data and (2) uniaxial deformation behavior is described
by several physically different models with about the same
degree of success, thereby preventing any conclusion to be
reached based on this type of deformation alone.

In the seconid paper? we examined isotropic deformation
by swelling. It was found that only a small number of
models showed even a qualitative match to the experi-
mentally observed behavior, and none was capable of
achieving a quantitative fit to the data.

In the present work biaxial deformations are considered.
The molecular models that we tested are the same as the
ones we have examined previously’? and include the
phantom,? affine,! and Flory~Erman’® junction fluctuation
models, the Ball-Doi~-Edwards—Warner® slip-link model,
the Edwards’ primitive path model, and the Gaylord® and
Marrucci® tube models. The Graessley primitive path
model,'® which was considered in our previous papers, is
not included here because of its excessively complicated
mathematical formulation for a general multiaxial defor-
mation. In addition to these molecular models (a detailed
description of which was previously given?), we include
here the phenomenological Mooney-Rivlin equation!!
because of its widespread use in the literature.

Theory

The deformation behavior of a homogeneous, isotropic,
and elastic material is customarily described in terms of
the changes in the strain energy density function W and
the three principal strains or extension ratios A;, Ay, and
A3 along a set of orthogonal axes. If the material is as-
sumed to be incompressible, the third strain invariant
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I, = T, (1)

equals one. The strain energy density function can then
be determined by the two remaining invariants of the
Cauchy-Green deformation tensor!13

W = W(Il,Iz) (2)
where

3
Il = z>\i2 (3)

i=l

3
I, = Z)\i"z )

i=1

The true stresses for an incompressible material are ob-
tained from!%!4

tl = 2(A12 - A32)(W1 + )\22W2) (5)
t2 = 2(}\22 - )\32)(W1 + 7\12W2) (6)

or inversely
if Mt Ag¥t
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where W, = 0W/4dI, for k = 1 and 2. In a biaxial defor-
mation experiment, the stresses that are applied to the
material are measured as a function of the generated de-
formations. Using eq 7 and 8, one can determine the
derivatives of the strain energy function as functions of
I, and I,. It should be pointed out that as a result of
incompressibility, only the differences of principal stresses
can be determined. Additionally, for the two limiting
experimental deformation ¢onditions, uniaxial deformation
(A2 = A3 = M3 and equal biaxial deformation (\; = \,),
eq 7 and 8 are undefined. The appropriate relations for
these two cases have been developed by Jones and Trel-
oar'® and are discussed in more detail in Appendix A.
Valanis and Landel'® (V-L) have postulated that the
strain energy density function is separable into three in-
dependent functions of the principal extension ratios

3
W= gw()\i) 9)

Consequently
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ti - tj = Aiw’()\i) - )\Jw’(Aj) (10)

where w’()\) stands for dw/d\. The V-L hypothesis has
been tested by Jones and Treloar!® and by Vangerko and
Treloar'” and has been found to work well at moderate
strains but to be unreliable beyond threefold deformations

in either direction. Slightly more restrictive limits have g
been determined by Kawabata and Kawai.!8 g EM
Finally, the small-strain modulus (or equilibrium mo- § 32
dulus) G, may be computed from either of the following ] $3 )
two relations: 3 H S -~ £
G, = lim W, + 2W)) (11a) g @ == wi
103 < 3 < < < Ny j
ctim [ £ 2 o sl = 3 : % i
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In our model testing, we want to circumvent the yet un- cel o g e g g b
resolved controversy'®?! regarding the contributions of 2 g
topological entanglements to the value of the modulus and, = .
instead, concentrate on the strain-dependent predictions g 2
of the models. We will therefore reduce all relevant + 3
quantities by the modulus value predicted by the model N £
being tested. These moduli values are listed in the second 25 — M
column of Table L. . P § S
Treloar Reduced Curve (TRC) Method. The results g 3= 8 5
of biaxial experiments are obtained in the form of the two B ! <22 k]
stress differences at various A; and A, values which are @ ?%‘ w33 2
customarily converted by means of eq 7 and 8 into values 3 =7 T2 g
of the two derivatives of the strain energy density function s 3=, Saas "
W, and W, as functions of I; and I,. Representation of b *t 2% m@esz 2 = =~
the data in this manner (we shall refer to this method of H %3 ZF +$35 % g E
data representation as the Rivlin-Saunders (RS) method'4) = S T =, I p e o
is cumbersome#1518 and makes model comparison with g |7 sl —wAas s g B
data difficult.?? Treloar® has recently proposed a method - & = s B %
that allows the representation of all biaxial experimental =z '§ o 'g T B
data by one reduced master curve. Within the range of K- - P ofF &
applicability of the V-L hypothesis, curves of t; — t, vs. £ . 2 . 2 " [l
A1 O t5 — t5 v8. Ag at different X, values overlap by means qe § ; RN | o *
of a vertical shift to form a master curve. This procedure =2 Y E Eeavsll
has been successfully tested on a number of different 2|3 LS 3 =%zs = ;3;35 E =
vulcanized rubber samples!®!” and it has also been shown % Toe Stz T+ m1+ 2
to hold theoretically'® for any V-L type expression for W. £ =x% s = A I o35y o~ &
Since the curves can be shifted vertically to any arbitrary L9288 Y2785 FiTr 2 <
A, value, the value of A\, = 1 corresponding to pure ho- xS <k I gk S<az B
mogeneous shear is selected. For the purpose of model P
testing, we use the data of Vangerko and Treloar'’ on = ;8
vulcanized rubber with 5% sulfur, which shows good Y & 8
agreement with previously published datal® on similar - Y !
material tested by a different experimental technique over P Yo E . s ++ &
a smaller range of deformations. The data are accurately : = ' Ni,.ic Sar ~ie g
represented by an Ogden? type three-term series:!” < © AN + T fifi i §
+ &0 o zarN 3Fd8e - =
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f) = Aw’(\) - w(1) (15)
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Table I1
Best-Fit Parameter Values

biaxial (W,,W,), RS

reduced biaxial (TRC) method
Tme® X e’ X uniaxial (W, W) pure shear/
model parameters 102 parameters 108 parameters rms® X 102 parameters rms® X 10°

phantom? 91 8.6 41
Mooney-Rivlin!! A =096 53 A =083 2.8 A =057 115 A =054 41
Edwards’ a = 0.15 52 o = 0.42 4.8 o =0.62, 8 =875 43

8 =184 B =38 ;
Ball-Doi-Edwards- A4 = 0.88 43 A =075 0.54 A =0.58,=1018 75 A =062, 7=117 15
Warner® 7 =297 7 = 0.59

A = 0.86 67? A = 0.66 1.6° A =0.52 18t
Marrucci® A =238 54¢ A =184 4.5° A =251, B=-492 12¢

B = -4.66 B = 0.04

A =070 78¢ A =0.24 25¢
Gaylord® A =0.78 66 A =043 1.1 A =0.32 80 A =013 18
Flory~Erman® k=186 49 x=4.1 0.80 k=23, ¢ =0.02 72 k=868, =02 10

¢=0.38 ¢ =0.004

k=11 52¢ k=44 0.61¢ k="T4 15¢

%The value of rms was calculated by (1 /N)[Zﬁl(ye,pd = Yealed)?]'/2, where N is the number of experimental points and yezpq and ygeq are
the experimental and calculated values, respectively. For second column eq 16 is used. °Fit was obtained by fixing n = 0.2343343 as
recommended by the authors and adjusting A to get lowest rms value. °Best fit to data obtained with physically unacceptable parameters
(see text). ?Fit was obtained by fixing B = 0.5. ¢For comparison purposes fit was obtained by fixing ¢ = 0 and fitting the remaining
parameter « to yield lowest rms value. /Parameter values were obtained from uniaxial data on same sample.

e}

F(A)/Gq or (= 1,)/G,,
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Figure 1. Biaxial extension data plotted according to the TRC
method: solid curve, experimental data of Vangerko and Treloar!?
(5% sulfur); dotted line, Gaylord model;® dash—dot line, Flory-
Erman model;® dash-double-dot line, phantom?® and affine*
models.

The experimental differences (t; - t5) /G, or (t5— £}/ Gy
can be plotted in terms of eq 12 (reduced by eq 13) as a
function of A; (or Ag).

Six of the eight molecular models can be expressed in
the form of a V-L type strain energy density function. The
appropriate Aw’(\)/ G, expressions are given in the third
column of Table I. These can be directly plotted vs. A\ and
compared to the experimental curve. The Edwards’
primitive path model (also the Graessley!® primitive path
model) and the Marrucci® tube model cannot be reduced
to a V-L form. Therefore, in order to obtain values of (¢;
—ty)/ Gy at Ay = 1 for these two models, as required in the
TRC method, the strain energy function derivatives with
respect to I; and I, for these models are computed (see
columns 4 and 5 of Table I) and then eq 5 and 6 are used
with A, = 1 and A\; = 1/,

The best-fit parameters for the different models are
obtained by applying the Levenberg-Marquardt? method
to one hundred “experimental” points computed from eq
12 in the interval 0.1 < A < 4.0. Since by definition, f(\)

£(X)/Gg or (t,-1,)/Gg

A

Figure 2. Details of the TRC method curves at small extension
values: dashed line, BDEW model;® dash~circle line, Edwards
model;’ crossed line, Mooney-Rivlin equation.!! All other curves
are the same as in Figure 1.

= 0 for A = 1, only 20 points were chosen in the interval
2/3 € A < 3/,. The remaining points were placed equi-
distantly along the rest of the interval. A relative mag-
nitude best-fit criterion was employed requiring the min-
imization of an objective function of the form

M = min { g [(yexptl - ycalcd) /yexptl]Z} (16)

points

The parameter values and the average root mean square
(rms) value (=M'/2/(number of points)) for the various
models are shown in columns two and three of Table II.
The calculated theoretical curves are compared to exper-
iment in Figures 1 and 2. The manipulated and smoothed
experimental data of Vangerko and Treloar!” are depicted
by the solid line in both figures. In Figure 1 the entire
range of extension values is shown. In Figure 2 the lower
range of extension (A < 1.0) is redrawn in greater detail.
For clarity sake, only four theoretical curves are shown in
Figure 1: the affine* and phantom? junction fluctuation
models, whose curves are identical, the Flory-Erman®
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Table 111
Limiting Values of the TRC Function as A — 0
model e fia) /Gyl model lins TF(N)/G]
X0 A0

phantom -1 BDEW {(A-Dx+29] -1
affine -1 Marrucci -A
Mooney- - Gaylord A-2

Rivlin Flory-Erman ~(1 + u/£)/®,«>0
Edwards ~oatd =1/a ~1,x=0

model, and the Gaylord® model. The first and last of these
three curves form upper and lower bounds respectively in
the high-deformation range. The rest of the models (not
shown) will all lie between these two curves in this interval.
The agreement between the theoretical and experimental
curves is quite satisfactory, with the largest deviation in
the vicinity of A = 2.5, amounting to 26% for the affine
and phantom models and 11% for the Flory-Erman
model. The combined experimental and numerical errors
(due to the superposition scheme) have been estimated>!?
at 6-9%, larger than the differences between predictions
of most models for A > 1.0.

The situation is quite different at the lower end of the
strain range, depicted in Figure 2, where a very sharp
downturn of the experimental data is observed at A < 0.3.
Six of the eight models fail to show this behavior because
they approach finite limiting values of f(A\) as A — 0 (these
values are given in Table III). On the other hand, in the
Ogden series representation of the data (eq 12b), the last
term dominates the series at small A values, with f(\) ap-
proaching —» as A — 0. As Table III indicates, only the
Mooney-Rivlin equation!! and the Edwards’ model with
an appropriate « value show this trend.

A possible molecular origin of this downturn is finite
chain extensibility, as has been argued by Treloar.® In
the Edwards model,” this arises naturally from the de-
pletion of the surplus segment population. Riding and
Treloar?® have incorporated the finite extensibility effect
into the phantom model and have argued that a non-V-L
form is necessary in order to display the downturn. In both
the Edwards and Riding-Treloar models, the fit with ex-
periment at higher strains (low A values) is achieved at the
expense of the fit at lower strains. Kovac and Crabb? have
incorporated the finite extensibility effect into the Gaylord
model, which is then more successful than the other two
models in fitting the entire range of A values. It is im-
portant to recognize that in addition to the effect of finite
chain extensibility, strain-induced crystallization has also
been identified? as a possible cause for the observed low-A
behavior. The uncertainty?*?*% regarding the origin and
importance of the observed downturn of the data at low
A values and the apparent success of the otherwise inad-
equate Mooney-Rivlin equation in displaying this behavior
indicate that the adequacy of a model cannot be deter-
mined solely on the basis of its ability to predict this
downturn. Hence, the goodness of fit over the entire strain
range as measured by the average rms will be used to
compare the merits of the models tested here.

Inspection of the second column in Table II reveals that
the BDEW model with the » parameter value tenfold
larger than suggested by its authors® has the lowest rms
value (0.043). This value increases considerably (0.067)
when the suggested n = 0.23433 value is used, in which case
the curve is virtually indistinguishable from the phantom
curve in Figure 2 and only slightly above the Flory—Erman
curve in Figure 1. A slightly higher rms value (0.049) is
obtained with the Flory-Erman model with a { value
somewhat larger than suggested by its authors.33 Setting
{ equal to zero results in minor changes in the rms and «
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values. The Edwards model (0.052), the Mooney-Rivlin
equation (0.053), and the Marrucci model (0.054) all have
almost identical rms values. For the Marrucci model, this
rms value results from using a physically unrealistic neg-
ative 8 parameter obtained by the regression analysis.
When a positive 8 (or B) value is imposed, the quality of
fit deteriorates considerably. A somewhat higher rms value
(0.066) is obtained by the Gaylord model. The worst fit
is achieved by the phantom and affine models.

While the TRC method provides a simple computational
scheme by which to test molecular models in describing
the otherwise unwieldy biaxial stress data, there is a
question as to the accuracy of the TRC method in the
representation of multiaxial stress behavior.

The rather extensive body of experimental data on bi-
axial deformations!41518.28333¢ shows unambiguously that
the strain energy density function W is a function of I, (i.e.,
W, = 0) and the derivatives of W with respect to I; or I,
are not constant but, rather, functions of both strain in-
variants. The TRC method is incapable of distinguishing
between models that do or do not show these behaviors;
this fact is clearly demonstrated by the results presented
above. Of the five models having the lowest rms values,
the Edwards and Marrucci models predict W, = 0 (cf.
Table I) and the Mooney-Rivlin equation predicts con-
stant W, and W, values (yet the Edwards model and
Mooney-Rivlin equation are unique in reproducing the
observed downturn at small A values). Additionally, the
Mooney-Rivlin equation, which has long been known to
be unable to correctly describe even the relatively simple
uniaxial deformation experiment®!%?! in compression and
at above-moderate extension, appears to be successful by
the TRC method because the entire uniaxial extension-
compression curve is represented by the point A = 1.0, for
which, by definition, all models yield f(A) = 0.

From these facts, we have to conclude that although the
TRC method is very attractive in its simplicity, it is not
a useful tool as for the evaluation of rubber elasticity
models. We therefore turn to another scheme.

Rivlin-Saunders (RS) Method. Since the TRC me-
thod is not adequate, we resort to the more cumbersome
RS method of representing the data in the form of W, and
W, as functions of I, and I,. Graphically, four sets of plots
are required, one for each strain energy derivative—strain
invariant pair. Each plot is composed of a series of curves
at fixed values of the remaining strain invariant. The data
of Jones and Treloar!® are depicted in this manner in
Figures 3 and 4 by solid lines which represent the reduced
strain energy derivatives as a function of I; (j = 1, 2) for
fixed I, (k # j). The contour lines for a fixed I, value are
usually a decreasing function of I; except for the case of
W as a function of I for high I, values (>10). In the latter
case, W, increases with I;, and this trend becomes pro-
gressively more pronounced as I, increases.'”® The origin
of the upward swing of the curves is probably the same
as that causing the downward swing in the curves of the
TRC method at low A values. The trends shown in Figures
3 and 4 also occur in the earlier work of Rivlin and
Saunders,!* including the upward swing at high I, and I,
(although it is less pronounced due to large experimental
scatter). The relative magnitudes of W, and W, are similar
in both works, despite the variance in absolute values due
to differences in network structure. The general trends
observed by Jones and Treloar are supported by Obata et
al.® and Kawabata et al.3* but the details differ, especially
at the low-deformation end of the experimental range (I,
I, < 3.5). This point will be discussed in more detail in
the next section.
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Table IV
Comparison between Theoretical and Experimental Values at Low and High Extension Values
W1/ Gy W,/Gqo
I I, exptl’® F-E° Gaylord® BDEW® Edwards’ Kawabata® exptl® F-E5 Gaylord® BDEW® Kawabata®
3.000 3.000 0.416 0405 0.429 0.410 0.500 0.685 0.0839 0.0954  0.0712 0.0902 -0.185
3.400 3.318 0.410 0.404 0.421 0.405 0.474 0.478 0.0788 0.0852  0.0667 0.0819 0.046
3.400 0.409 0.403 0.421 0.404 0.474 0.430 0.0783  0.0839 0.0662 0.0811 0.089
3.517 0.408 0.402 0.420 0.403 0.474 0.384 0.0776 0.0821  0.0656 0.0798 0.121
11.0 28.0 0.372 0.361 0.338 0.370 0.385 0.0264 0.0161 0.0199 0.0142
29.85 0.371 0.360 0.337 0.370 0.385 0.0257 0.0155 0.0193 0.0134
30.45 0.370  0.360 0.336 0.370 0.385 0.0255 0.01563  0.0191 0.0132
3.318 3.400 0.410 0.403 0.422 0.404 0.479 0.395 0.0789 0.0846 0.0667 0.0819 0.116
3.400 0.409 0.403 0.421 0.404 0.474 0.430 0.0839 0.0839  0.0662 0.0811 0.089
3.517 0.408 0.404 0.419 0.404 0.467 0.481 0.0828 0.0828  0.0656 0.0799 0.035
8.89  20.00 0.368  0.369 0.349 0.371 0.353 0.0322 0.0208  0.0250 0.0195
9.25 0.370  0.368 0.348 0.371 0.354 0.0318 0.0206 0.0247 0.0193
9.77 0.372  0.367 0.346 0.372 0.359 0.0313 0.0204  0.0243 0.0191
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Figure 3. Reduced 0W/aI; and 8W/41, vs. I;: solid lines and
filled circles, experimental data of Jones and Treloar;'® dash—dot
lines and open circles, Flory-Erman meodel;® crossed lines,
Moonegr—Rivlin equation;!! dashed lines and squares, BDEW
model.

The experimental curves in Figures 3 and 4 are com-
posed of 108 points, which were used simultaneously to
obtain the absolute least-squares parameter estimates by
the procedure described in the previous section. The re-
sults of the regression analyses are shown in the fourth and
fifth columns of Table II. A comparison of the third and
fifth columns in Table II shows that deficiencies inherent
in the TRC method (relatively small differences between
the rms values of the different models and the illusory
success of the Edwards and Marrucci models and the
Mooney—-Rivlin equation) are not present in the RS me-
thod.

The best fit to the data, as determined by the rms value,
is obtained by the BDEW and the Flory—Erman models.
Setting ¢ = 0 in the latter has only a minor effect on the
quality of fit. The values of the fitted parameters are
similar to those obtained for natural rubber?? and PEA.3!
In the BDEW case, the use of the suggested n = 0.23433
value results in a considerable reduction in the quality of
fit. A rms value 2 times larger than those for the Flory-
Erman and BDEW models is obtained in fitting the
Gaylord model. The best fit for the Marrucci model re-

Figure 4. Reduced dW/9dI, and W/43I, vs. I,. Curves are the
same as in Figure 3.

quires a physically unrealistic parameter value (8 = 0), and
when a positive 8 is imposed on the model, the rms value
increases by an order of magnitude and is almost identical
with the one obtained by the phantom network model,
which has no adjustable parameters.

The predictions of the BDEW model, the Flory—Erman
model, and the Mooney-Rivlin equation are depicted in
Figures 3 and 4. The trends of the experimental contour
lines are always reproduced by the BDEW model and with
one exception (W; vs. I;) by the Flory-Erman model.
Good quantitative agreement is observed for intermediate
strains but relatively large discrepancies are observed at
higher strains (I, > 10) and at relatively small deformations
(I; < 3.5). This latter disagreement is undetectable by the
TRC method due to the basic definition of f(A) at A = 1.

The predictions of four models in the low- and high-
deformation ranges are compared to experimental values
in Table IV. From this table, it is evident that the BDEW
model is the most successful in matching the data of Jones
and Treloar!® at small strains. The BDEW model is also
in better agreement with experimental values of W) at high
strains but deviates considerably when W, values are
considered. In the latter the Gaylord model is in better
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agreement with experiment.

As already pointed out, the Flory-Erman model predicts
correctly the trends of the experimental contour lines with
only one exception—the curves of W,/G, as a function of
I, (Figure 3). At small strains, the Flory-Erman model
predicts that W, increases with I;, contrary to experiment.
The trends shown in Table IV for the other three models
agree with the Jones and Treloar data but the data of
Kawabata et al.?* (also in Table IV) support the Flory-
Erman prediction. This point will be discussed in the next
section. In the intermediate strain range in Figure 3 the
agreement between theory and experiment is reestablished
only to be reversed at higher strains. Here, the Flory-
Erman model predicts that W, decreases as I; increases
whereas experiments show the opposite trend. This dis-
crepancy becomes larger as I; and I, increase, as shown
in Figure 3 as well as in ref 23, where a wider strain range
is considered!” (up to I, = 150). Table IV shows that the
correct trend is predicted by the Edwards and BDEW
models but not by the Gaylord model. As I; and I, increase
beyond I; = 15 and I, = 40, the trend of increasing W, with
I, becomes more pronounced,? in agreement with the
Edwards model but in contrast to the prediction of the
BDEW model. The source of this behavior is the same as
that of the downturn seen with the TRC method. The
ability of the Edwards model to mimic that downturn
(shown in Figure 2) is duplicated here by its prediction of
the correct trends at high strains. However, this ability
is considerably outweighed by the inability of the Edwards
model to obtain nonzero W, values.

Values of A\; =~ 0.22 in Figure 2 correspond to I, = 20 in
Table IV. At this point, the TRC curve of the BDEW
model agrees with the experimental TRC curve and hence
with the experimental trends shown in Table IV but as I,
is increased (smaller \; value in Figure 2), the BDEW
predictions depart from experiment.

Small-Strain Behavior. Kawabata, Kawai, Obata, and
co-workers!®333 have studied the behavior of rubbers
under multiaxial deformation, paying special attention to
very careful measurements at small strains, a region
characterized by a great sensitivity to experimental errors.
Their results agree with those obtained by others!4!517 at
intermediate and high strains (I; > 4.51; > 7) but differ
considerably in several respects at lower strains. The
contour lines in Figures 3 and 4 show that on the basis of
the data of Jones and Treloar'® (supported by Rivlin and
Saunders!* and Vangerko and Treloar'’), W, and W, are
decreasing functions of both I; and I, at low deformations.
The data of Kawabata and co-workers show the same trend
for W, vs. I, and W, vs. I; but the opposite trend for W,
vs. I; and W, vs. I,. These trends are partially reproduced
by the Flory—Erman model, as can be seen in Table IV,
although the quantitative fit is poor. Furthermore, a very
sharp increase in W, and decrease in W, is observed at /;
< 3.1, yielding negative values of W, in the vicinity of I;
= 3.0. This peculiar behavior is observed under uniaxial,lé
equibiaxial,®* and intermediate biaxial deformation con-
ditions. Neither Rivlin and Saunders** nor Treloar and
co-workers!'®17 observed this sort of behavior. However,
their positive W, values at I; = 3.0 were obtained by ex-
trapolating from the W, values measured at deformations
that were much higher than the point of inclination ob-
served by Kawabata et al.,'®3* and it is therefore not
surprising that they did not see any deviation from the
trend they observed at the higher strains. None of the
models mimic this experimental behavior, as indicated by
the values in the first row of Table IV.
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Figure 5. Mooney plot of simple elongational data and the
contribution of the two strain invariant derivatives. Experimental
data are from Kawabata and Kawai;!® theoretical curves are the
same as in Figure 2.

In order to further investigate this problem, we examine
the uniaxial extension data of Kawabata and Kawai.!8
These data, in the customary form of the Mooney plot of
t1/ (M2 - M 7DGy vs. 1/, are depicted by triangles in Figure
5. Parameters for the different models were obtained by
best fitting the data. The resulting parameter values ob-
tained by using 12 experimental points are given in Table
IT under the “uniaxial (W, W,)” heading (models yielding
W, = 0 are not considered here). From eq 5, it follows that

t

1
N 2W, + )\2W2 17
We now proceed to compute W,/G, and W,/G, separately
by means of eq A3 and A4, using these parameter values.
These computed values are compared to the reduced W,
and W, experimental values that were independently
measured by Kawabata and Kawai and which are indi-
cated, after proper reduction, by the circles and squares,
respectively, in Figure 5. The average deviation of the
computed 2W; and 2W,/) values from the experimental
points are represented by the rms values in the seventh
column of Table II. The best agreement (lowest rms) is
obtained by the Flory-Erman model. The sharp increase
in 2W, values and the negative 2W,/\ values at small
strains are not reproduced by any of the models. Fur-
thermore, it can be shown (see Appendix C) that W, is
always positive for physically realistic positive parameter
values in the case of uniaxial deformation for the BDEW
and Gaylord models (no such proof has been attempted
for the Flory~Erman model due to its algebraic complex-
ity). Behavior similar to that shown for uniaxial defor-
mation in Figure 5 has also been reported by Kawabata
et al.3* in pure shear experiments. Here again, 2W, and
2W, show a sharp upturn and downturn, respectively, as
I, = I, — 3.0 but the sum of the two is almost unchanged.
It is unlikely that any of the models will be able to re-
produce this behavior either. Negative W, values and
behavior similar to that described above have also been
reported for small-strain biaxial deformations® and torsion
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Figure 6. Comparison between experimental pure shear data
and model predictions, employing parameters obtained from
uniaxial extension data on the same material. Solid circles, ex-
perimental data of Rivlin and Saunders;4 short-dash line, BDEW
model® with » = 1.373; long-dash line, BDEW model with n =
0.2343343; the rest of curves are the same as in Figure 2.

experiments®®” in some cases but not in others.®

Finally, Figure 5 demonstrates the flaws in the Moo-
ney-Rivlin equation (as has also been pointed out by many
other researchers'#1%18), It is obvious that its apparent
success in describing uniaxial extension data over inter-
mediate extensions stems from the fortuitous parallelness
of the W, and W,/ lines over that region which does not
hold at either higher or lower deformations. Furthermore,
W, is clearly not constant and therefore cannot be iden-
tified with C, in the Mooney-Rivlin equation while the W,
contribution is considerably smaller than that attributed
to it by the Mooney-Rivlin C, parameter. Therefore, any
attempt to assign a molecular interpretation to the em-
pirical parameters of the equation are foredoomed. Finally,
the extrapolation of Mooney-Rivlin type plots to the 1/
— 0 limit is quite dubious.

Combined Uniaxial and Pure Shear Experiments.
The most meaningful test of a molecular model is its ability
to correctly describe deformation behavior under a given
type of deformation using material parameters obtained
from another type of deformation. Since these parameters
usually depend on the sample structure, it is essential that
both experiments be performed on identical samples.
Unfortunately, only a few such experimental studies have
been reported. Rivlin and Saunders!* performed uniaxial
and pure shear experiments on specimens obtained from
the same sheet of vulcanized rubber (their sample A). We
have used their uniaxial deformation data to obtain the
parameters for the various models and then to compare
the theoretical predictions to the experimental data for
pure shear. The results are reported in Figure 6 with the
parameter values and quality of fit to the shear data given
in the last two columns of Table II. None of the models
follow the data over the entire experimental range. The
large degree of uncertainty in the small-deformation data
of both uniaxial and pure shear experiments may be
partially responsible for this relatively poor agreement.
The best fit is obtained by the Flory—Erman model fol-
lowed by the BDEW and Gaylord models. The best-fit
parameter values are similar to the ones obtained for the
general biaxial data.
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Conclusion

In this paper, we have examined the relative abilities of
eight molecular models to describe polymer network re-
sponse to a variety of deformations. The theoretical
equations were expressed in a reduced form in order to
bypass the small-strain-modulus controversy. No model
was capable of reproducing all of the experimental ob-
servations over the entire experimental range. The two-
parameter models of Flory and Erman and BDEW were
best able to account for most of the experimental results
while the one-parameter model of Gaylord achieved a
somewhat more limited success. The other models were
much less successful than these three models.

In the three tests by which the models were evaluated,
the predictions of the Flory—-Erman and BDEW models
were generally in 50~100% better agreement with data, as
measured by the rms value, than those of the Gaylord
model. The parameters of the Flory-Erman model ob-
tained by the regression analyses were in good agreement
with published values.?2%31:823%42 The value of the { pa-
rameter was close to zero and, except for the pure shear
experiment, had little effect on the quality of fit. In the
BDEW model, the n parameter varied considerably for the
different data sets and was usually much larger than the
0.23433 value suggested by its authors while the A pa-
rameter had values within the range 0.6-0.75 for all of the
experiments and for all values of . The sole parameter
in the Gaylord model varied to a large extent for the
different tests. While the Marrucci model showed good
agreement with the data when no constraints were imposed
on the value of its parameters, this best fit was always
achieved by using physically unacceptable negative or zero
parameter values, and imposing positive parameter values
on the fitting resulted in a very poor correlation to the
data, which was often as poor as that of the phantom and
affine models. The Edwards model also showed a rela-
tively poor data fitting capability even when using, in some
instances, physically unrealistic parameter values. It was
noted that the Marrucci and Edwards models also predict
a zero W, value, in conflict with all available experimental
findings, and they also cannot be expressed in terms of the
V-L formulation. It seems, therefore, that these two
models are much less desirable choices for modeling
polymer network deformation behavior.

We have shown that although mathematically and
graphically attractive, the Treloar reduced curve method
for representing biaxial data is quite inferior to the Riv-
lin—Saunders method and may lead one to incorrect con-
clusions regarding the relative merits of various models.

Finally, the well-known inapplicability of the pheno-
menological Mooney-Rivlin equation to the interpretation
of the strain energy function determination and the lack
of physical meaning associated with its empirical param-
eters has once again been demonstrated.

Two major issues that merit further attention can be
pointed out here: the peculiar behavior of the two strain
energy derivatives at very low deformations* and at high
strain. Both issues require further experimental investi-
gation. Most importantly, experimental data on identical,
well-characterized specimens exposed to several different
types of deformation are essential for the testing of the
comparative predictive abilities of molecular models.

Finally, while we have concentrated here on the best-fit
abilities of the molecular models, there are other criteria
that are equally important in choosing between models,
including conceptual acceptability and the mathematical
simplicity of the theoretical development and the final
expression (including the number of adjustable parame-
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Table V
Expressions for f (\)/G4 Necessary To Obtain W, and W,
at Experimental Limits®

model f/()\)/Go
BDEW 2AN + 2(1 - A1 + 921 + 27 - 921 + gA)2
Gaylord 2AXN + 2(1 - A)
Flory-Erman® 2’\ + 28 Ay 4 BN OKQ)

E@ ED on

aRefer to Table 1 for nomenclature. ®For the evaluation of this
equation, refer to Appendix B.

ters). These points will be addressed later on in this series
of papers.
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Appendix A. Computation of W, and W, for
Uniaxial and Equibiaxial Deformations

The equations used to compute the two strain energy
density derivatives, eq 7 and 8, are indeterminate for the
two limiting deformations A, = A3 = \;”/? (uniaxial) and
AL = Ag (equal biaxial). Since eq 7 and 8 are used in con-
junction with eq 10 for the computation of W; and W, in
the case of the BDEW, Gaylord, and Flory-Erman models,
approximate relations are used for these limiting cases.
The details of the derivation are given by Jones and
Treloar'® and we limit ourselves to providing the rela-
tionships necessary for the evaluation of these terms for
these three models.

1. Simple Uniaxial Extension

to =t3 = 0 )\2 = }\3 = )\1_1/2 (A].)
From eq 10 with application of eq Al we find
tl = klw/(xl) - >\1_1/2w,(>\1—1/2) (A2)
Following Jones and Treloar,'® we obtain
1 £ fxt2)
lim W, =-= - M- AT
P 2[ AZ- AT oaS 2 =M
(A3)
1 ty 2w,
lim W)=} — - — Ad
A=A ! 2( A2 - AL AL (A9

where f (A\) = 8[Aw’(\)]/dA. Expressions for f(\) /G, for
the three models are given in Table V.
2. Equal Biaxial Extension

t3 =0 tl = t2 Al = XZ = A3—1/2 (A5)
From eq 10 and A5

ty =ty = Mw(A) - M 2w\ 2) (A6)
and
) 1f f'\) t . et
W = "2( vl KR

1 ty
lim W, = = ———— = 2)\,2W. A8
)\11_1;1)1\2 1 2( AZ — A2 1 2) (A8)

Here again f (\,) is obtained from Table V. Equations A2
and A6 are evaluated with the aid of the expressions given
in the third column of Table I and thus W, and W, can
be computed for both limiting cases.
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Appendix B. Evaluation of the Flory-Erman
Expression

As a result of the algebraic complexity of this model, we
give here the complete expressions necessary for the
evaluation of eq A3 and A7.

Define the operator & = 9x/3A% then

BB  B%g+ g°BB

KN =50+ 1¥5 (B1)
where®
=(A=-D[1+ 1=+ g2 (B2)
g =M1+ {A-1)] (B3)
g=uxt-0(1- 3\/2) (B4)
. 1 1-2A¢ 28
B=B + - B5
[2>\(>\—1) ML+ A-09) 1+g] (B5)
From these definitions it follows that
¥ 3¢
Areir (B6)
. 6B , 1 1-2X¢ 4Ng
B=— = (2\"{B + - -
N2 @N) [)\‘1 1+ A-2 1"'8]
B 22 ~1 + T+ 2A-02+)N1- 2)\3‘)2
2A2(\ - 1)2 ZA2(1 + N - 1A%)?
31 + g) ~ 4Ng?
3{(1 + g) -~ 4N (B7)
1+ )2
K= . .
B*+ BB+ BB (B¢ + Bg)* Bg(Bg + 2Bg + Bg)
(1 + B)? (1 + Bg)? (1 + Bg)
(B8)
Finally

f’()\) 2\ 2\
G "% 1+(E)K(>\)] q)(g)K (B9)

where & is defined in Table I.

Appendix C. Proof of the Positive Value of W,
for the Gaylord and BDEW Models

It is obvious that the Mooney-Rivlin equation is inca-
pable of showing the respective upturn and downturn
behavior in W, and W,/ X at low strains (see Figure 5). We
can also show that neither the BDEW nor the Gaylord
model predicts negative W, values at small strain in un-
iaxial deformation.

1. Gaylord Model. By inserting the appropriate terms
from Table I (row 7, column 2) into eq A2 and from Table
V into eq A3, we obtain

W, 2AL/2 Lo )2
= __( - A)(—__)AI/Z =
Go ( —1)2
(A = \L/22
'(1 A)————( )2 A2 (C1)
Thus, for A € 1, W,/G 2 0 for any A. Additionaily

lxl—lfll (Wy/Gp) = (1-A)/8 (C2)

2. BDEW Model. The positive value of W,/G, in
uniaxial deformation can be shown by the procedure used
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above, but first, a somewhat simpler method will be em-
ployed. Kearsley and Zapas®” have shown that for uniaxial
deformation, the limiting value of W, in terms of the V-L
function is

) 1 Yaw(r) 2w(h)  w(N)
MRl T e - ©)

From the second column in Table I we find
1w
G, on
AN+ (1 - A0 + 92 + 29 + 22)A1 + 9A\D)"2 (C4)

Inserting the derivatives of eq C4 into eq C3, we obtain

TR PP L i
1 G AT T,

(1-A)/(+ 7 (C5)

Thus for 4 < 1 and 5 2 0 the limiting value of W,/G, is
positive.

Using the procedure employed for the Gaylord model
calculation, it is possible to show, after tedious algebraic
manipulation, that
Wy 1 (1-A)1+ 9%

Go 2 (L4 D31+ mAN - NP2
A2 + (=28 — 3\ + 23 + 6X — 1 - 3X) + n¥(-2\° +
A5+ 3X3 - 2\2 + AL — N9} (C6)

and thus W,/G, > 0 when n > A/(1 - 2)A). Hence, in the
case of uniaxial extension (A > 1), W,/ G, is positive at all
strains for any A < 1 and » > 0. The value of W, can
become negative at high compressions (A < 1/,) for certain
choices of 7.

(2(-\* + 2\ -
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Translational Diffusion of Poly(methyl methacrylate) in Acetone:
Wormlike vs. Freely Jointed Chain Model
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ABSTRACT: The translational diffusion coefficients of poly(methyl methacrylate) standards with molecular
weights 7.67 X 10%, 2.7 X 10%, 4.9 X 10%, and 6.39 X 10* in acetone at infinite dilution were determined with
the extended Taylor dispersion technique at temperatures from 274.2 to 313.2 K. Both wormlike and freely
jointed chain models were found to represent quite well the experimental results, suggesting that the excluded
volume effects on the hydrodynamic radii are virtually absent. The scaling relationship between diffusivity
and molecular weight was verified, and a proportionality of D to TM°4/u, was also established.

Introduction
Translational diffusioin coefficients of chainlike poly-

mers in extremely dilute solution carry significant infor-
mation on the hydrodynamic behavior of isolated macro-
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molecules. Although a variety of macromolecular models
have been advanced over the years, understanding of
conformational characteristics at the molecular level relies
on relevant experimental observation to which analytical
models!? are compared. From the practical point of view,
such diffusion data are needed for the analysis of the
diffusion-controlled casting of “asymmetric” membrane?®
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